Abstract. We study families of diffeomorphisms close to the identity, which tend to it when the parameter goes to zero, and having homoclinic points. We consider the analytical case and we find that the maximum separation between the invariant manifolds, in a given region, is exponentially small with respect to the parameter. The exponent is related to the complex singularities of a flow which is taken as an unperturbed problem. Finally several examples are given.
Introduction
In a previous paper [5] we considered families of differentiable diffeomorphisms with hyperbolic points which reduce to the identity for a certain value of the parameter. We studied the separation between the stable and unstable manifolds near homo-heteroclinic points associated with the hyperbolic ones. Now we shall study the analytic and conservative case. We refer the reader to [5] for the motivations of this problem. The results were inspired by the previous work by Lazutkin [10] for the standard map.
We study the complex invariant manifolds through the Birkhoff normal form of a diffeomorphism in a neighbourhood of a hyperbolic point. For that we need uniform behaviour of the normal form with respect to the parameter of the family. As in the differentiable case we use an auxiliary family of diffeomorphisms defined through the flow of an autonomous vector field with a homoclinic orbit. We compare the invariant manifolds of the two families, first locally and then globally. From the Birkhoff normal form we get a local first integral for the diffeomorphisms, which can be extended in a neighbourhood of the invariant manifolds as a multivalued function. With a suitable parametrization of the invariant manifolds, the evaluation of the first integral extended along one manifold on the other manifold gives a periodic function. The Fourier coefficients of that function can be bounded by using integration over complex paths. From that we get the bound of the separation between the invariant manifolds. Now we state the main result in a precise way.
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If F is a diffeomorphism defined in a neighbourhood of p e C" and p is a hyperbolic fixed point of F, we denote by W* F (p) and Wp(/>) the stable and unstable invariant manifolds of p for F. When no confusion is possible we shall skip some indices.
Let F e : U-»R 2 be a family of diffeomorphisms with [/cR 2 and 0< e < e 0 having the form ) (1.1) with A(x) = (Ax 1 ,A" 1 x 2 ), /(0) = g(0, e ) = 0, Df(0) = D x g(0,e) = 0, a > 0 , and verifying HI F E preserves area, HI F e is real analytic in U and depends analytically with respect to e, H3 A = 1 + ae" + O(e a+1 ), a > 0 and a e N. From (1.1) and H3 the origin is a hyperbolic fixed point of F e (if e 0 is small enough). Let W* and W u be the corresponding invariant manifolds. HA For all e e (0, e 0 ) there exists a homoclinic point, q e , associated with the origin such that the pieces of W and W s from the origin to q? are contained in a compact set contained in U. (We include the trivial case when two branches of the invariant manifolds coincide.) We can prove
PROPOSITION. Under hypotheses H1-H4 the vector field given by x = x + -a y = -y+-f2(x,y), a where fi andf 2 denote the components off, is conservative, has the origin as a hyperbolic point and has an analytic homoclinic orbit a such that for e small enough, the real invariant manifolds of F e are e-close to cr(R).
Let 5 0 be the distance from the real axis to the nearest singularity of a to it. Furthermore we suppose that (1.1) verifies H5 F e can be extended analytically to a neighbourhood U of {cr(t), |Im f|<5}, with 0 < 5 < S 0 . JVexp(-27r(5-rj)/lnA).
We notice that the bound obtained in Theorem A is exponentially small with respect to e and that such a bound cannot be obtained by a classical theory of perturbations.
We remark that we only consider pieces of W 5 , W u that have only one component in a small fixed neighbourhood of the origin. That is, we do not consider successive approaches of the invariant manifolds to the origin.
The splitting of separatrices
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For families of diffeomorphisms obtained as Poincare maps of Hamiltonian systems with two degrees of freedom or nonautonomous perturbations of conservative planar vector fields we can think of applying the Melnikov method [14, 6] . Although we could compute the Melnikov function, the validity of the method is not proved for the situation described in this paper [17] .
The form (1.1) may seem restrictive but in general families with hyperbolic and homo-heteroclinic points such that for some value of the parameter a hyperbolic point becomes parabolic can be put in form (1.1) through linear (e depending) changes of variables.
In the examples studied we have found numerically that the angle between the invariant manifolds at homoclinic points (which is related to the maximum separation between them) behaves asymptotically as
with A > 0, B real and Re C > 0. Furthermore we have found that Re C = 2irS 0 so that the exponential part of the bound in Theorem A is optimal. Lazutkin has proved this kind of behaviour for the standard map [10] .
The authors are aware of very interesting recent results in the same direction obtained by Holmes, Marsden and Scheurle announced in [9] . They consider the case of high frequency periodic time depending perturbations of 1 degree of freedom Hamiltonian systems.
In § 2 we recall the Birkhoff normal form for analytic diffeomorphisms and we give a parametrization of the invariant manifolds to be used later. In § 3 we prove the uniform behaviour of the normal form. In § 4 we study the proximity of the local invariant manifolds of diffeomorphisms of two families. Next, in § 5 we prove Theorem A and finally in § 6 we present several examples: the conservative (orientation preserving) Henon map, the Duffing equation perturbed with a high frequency periodic function, a generalized standard map and the Henon-Heiles problem.
We shall use the definitions and notations introduced in [5] . However we indicate that we shall represent the modulus of a complex number z by \z\. If
where
Finally we shall write \F\ V <K if sup zel/ |F(z)|<K.
Birkhoff normal form and invariant manifolds
First we recall the Birkhoff normal form of an analytic diffeomorphism in a neighbourhood of a hyperbolic fixed point. Assuming that a k and b k are uniquely determined until order n -1 we have a n A" = ka n + known terms, fe n A " = A ~' b n + known terms, which as before determine a n and b n uniquely.
• 
) and the same holds for v(t). This relation lets us continue analytically u while u(t) belongs to the domain of F.
Let £(£ TJ) = £17. We define £ = £ ° C" 1 . Since £ ° A/ " = £ we have that 
Uniform behaviour of the Birkhoff normal form for families of diffeomorphisms
In the last section we dealt with only one diffeomorphism. Now we will study the Birkhoff normal form for a near the identity family. The proof closely follows that of the convergence of the Birkhoff normal form in [18] . Before beginning the proof we introduce some notation. Given an analytic function S we write where S n is the sum of the terms a k^k ri' with k-l = n,neZ. 
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We shall use an analogous notation for a series of one or more variables.
Proof. In order to simplify the notation we shall not write the dependence of C c and N t and the quantities related to them with respect to e. We write
It is formally proved in [18] that N = C FC and that C is unique if do not contain powers of £77 alone. We write
There exist constants M,, x 0 , y 0 , £i such that Iftwh^M^jc^oel y' is a majorant of P which in turn has a majorant of the form with c 0 and c, positive and independent of e. We assume that c 0 and c, are chosen in such a way that G is also a majorant of (?. Writing CN = FC explicitly ¥(II& t»>) = <?(*,¥) + A -' ¥ , and taking into account that 4> R (u£, M~177) = u"<I> n (^, 77) we have From (3.2) it is easy to see that <!>!(£ 77) = £ and ¥_,(£ T;) = TJ. Now we shall prove that there exists c 2 >0 (independent of e) such that
where s = |t>-A~1|. Indeed, if n <0,
where c 2 > e " / ( l -A" 1 ), the final bound being directly checked for n = 0.
If n > l We define V such that
It is readily seen that W(g)< V(f). V satisfies a second order equation whose coefficients are independent of e. Hence it is analytic in a ball B(r 0 ) with r 0 independent of e and on this ball it is bounded by some constant independent of e. From the previous majorants we get that N and C are analytic in B(r 0 ) and that 1 (e°).
•
Proximity of the local invariant manifolds
In this section we shall compare the local invariant manifolds of two families of diffeomorphisms. First we prove PROPOSITION for |f|, |7j|<r and 0 < e < e 0 -Proof. As before we shall not write the dependence of e. In this proof if T is analytic we shall write
We notice that In [15] it is proved that there exists an analytic canonical change of variables of the form such that i?(£ v) = H ° C(fi v) = «ifij + It is not difficult to prove that in our case a t = 1. We take w = £77. Then
and the flow solution is
In particular the homoclinic orbit is given locally, in these variables, by
Supposing that £ TJ > 0 we have
6) a(t) = C(0, exp (fo~ 0) for Re t big enough. Now we reinterpret the change C. Let <p, and <p, be the flow solutions of (4.3) and (4.4). It is clear that (p, = C<p,C~\ Let G e be the flow time h of (4.4). Then G e = C~xG t C. From (4.5) we see that G c is in normal form and hence C is the change which transforms G e into its normal form. Notice that it is independent of e. We take C 2 = C and C\ the change (depending on e) which transforms F into its normal form. The proof finishes using Proposition 4.1, (4.6) and the definitions of u and v. D
As a consequence we have Furthermore a-is defined on [T,,T 2 ]CI|R. Since this interval is compact we can extend o~ to {(eC, T,<Re f <T 2 ,|Im t\<8}. D Remark. The maximal value of S which verifies Proposition 4.3 is the distance from the real axis to the nearest singularity to it.
The distance between splitted separatrices for analytic diffeomorphisms
In the proof of Theorem A a very important role will be played by the vector field described in the next proposition. PROPOSITION [5] . Indeed, we define G e as the flow time ae a of (5.1). It is clear that the origin is a hyperbolic fixed point of G e and that the corresponding invariant manifolds coincide with the ones of (5.1) so that they are independent of e. The hypothesis of theorems A and A' are an immediate consequence of Proposition 2.3 of [5] and the definitions. Then the invariant manifolds of F t are e-close to those of G e . This implies that the invariant manifolds of G e coincide and hence we have <x.
• Proof of Theorem A. First we note that Lemmas 5.2, 5.3 and 5.4 will be used and proved along the proof of Theorem A. Let B(r,) be a ball centered at (0,0) such that the change C e and the normal form of F t described in Proposition 3.1 are analytic on it. We know that 
Let T,>0 and f o e('i+ T], t 2 + T,) be such that p = cr(t 0 ), where p is the point in a introduced at the statement. Since |Im a-(t)\ also tends to zero when Re t tends to oo there exists T 2 >0 such that o-(f)e B(r 2 ) if
t e A 2 = {t e C, t, + T, + T 2 < Re r < t 2 + 7, + T 2 , |Im t\ < 8 -TJ}. Proof. We shall prove (1) and (2) by induction. In fact we shall prove that
It is clear that this last expression is less than M 1 e T ' M4C e/M 4 < TVf 5 e. For n = 1 it is a consequence of Lemma 5.2. Assuming that it is true for n -1, n < TV, we can write
\F" e {z) -G n Az)\ < \F.F:-\z) -F e G n E -\z)\ + \F t G n r\z) -G e G" e~\ z)\ (c=0
because as \F" \z)-G" \z)\<M s e, the segment which connects those points is contained in fi and so we can apply the mean value theorem to F e . This proves (2) and also that (1) Let us suppose that e 0 is small and let t be such that t, t + heil^. Then
(2) If teil$, nt) = E(v(t)) = E(F;
N '(v(t))) with F; N '(«(l))en|. £ is bounded in il l since it is analytic in a neighbourhood of ft 
V(s)exp(-in27rs/h)ds.
To evaluate the last integral we consider, for n > 0, the complex path given in figure 1 , where 5, = 5 -77. By Cauchy's theorem the integral along the path is zero and by periodicity the integrals along the vertical sides cancel. Hence we have 
exp(-n2n8 i /h).
For « < 0 we consider the path given in figure 2 and we obtain |c n |s X, exp(-|n|27r5,/fc). Then 
On the other hand E(S)-E(R) = E(S')-E(R') = D y E(e 0 )(S 2 -R'
2 ) with 0 o €ftj.
Then
\S' 2 -R 2 \ = \D y E(6 0 )\-l \E(S)-E(R)\<d-1 \E(S)\ <(K/d)exp(-2Tr(8-v )/h)
since £(/?) = 0. Finally, if 0, and so
\S-R\ = \F^(S')-F?>(R')\< \DF^(e t )\ \S' 2 -R' 2 \ < e M <\K/d) exp (-2ir(S -ij)/*).
Remark 1. If instead of hypothesis H5 of Theorem A, F E can only be extended to
, (Re z,, Re z 2 ) € C/, |Im z,|, |Im z 2 | < r} with r independent of e, the conclusion is that there exist e 0 , N, 8 > 0 such that the separation between the invariant manifolds is less than N exp (-2v8/\n A) for 0< s < e 0 . The value of 8 is related to the singularities of cr and to a value f such that |Im f| < f implies cr(t) e L/.
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Remark 2. In the examples, hypothesis H4 is not easy to verify. However we can substitute H4 by H4' (5.1) has a homoclinic orbit <x contained in a compact set contained in U.
Indeed, as in Proposition 5.1, the invariant manifolds of F e are e-close to the ones of G e . Since two branches of the invariant manifolds of G e coincide with <r, those of F e are e-close between them. Since F e preserves area they intersect or coincide [13] .
Remark 3. A similar bound is true for the angle at a homoclinic point in V with a somewhat bigger 17. A bound of the same type is also true for the area of the loops between W\ and W* Fm . If we consider the stable manifold after returning just once to a neighbourhood of the hyperbolic point, the tongues entering V are at a distance from the unstable manifold of the same order, i.e., bounded by TV exp ( -2 T T ( 5 -77)/lnA) for 0 < e < e 0 .
Remark 4. With minor changes Theorem A can be proved for the heteroclinic case.
Examples
(1) The non-trivial quadratic diffeomorphisms of the plane which preserve area and orientation with a fixed point can be put after a linear change of variables into the one parameter family [4] Putting the linear part in diagonal form and scaling by C e (x, y) = (s 2 x, e 2 y) we get
+O(e 2 ).
We consider the vector field given by which comes from the Hamiltonian
H(x,y) =
Its homoclinic orbit a is given by
It is immediate that S 0 =TT. Since F e is denned in C 2 we can take S = S 0 . By Theorem A and Remark 2 after it, given 17>0 there exist e 0 , N>0 such that for 0 < e < e 0 the separation between the invariant manifolds of F e in a neighbourhood of a given point is less than N exp (277-(-TT+ ij)/ln A) = N exp ((-2TT 2 + r/')/V2e).
The bound of the separation between W u and W* is the same as before by a factor O(e 2 ) due to the changes to send F c to F E . Now we compare the bound with the numerical results. Because of the symmetries there is a homoclinic point on the line y = x. We have computed the angle between W" and W 5 at that point. This gives a measure of the maximum separation between W and W 5 in a neighbourhood of it. Some of the results, computed using arbitrary precision routines, are shown in table 1.
If we fit the data in the expression (2) We consider the following perturbed Duffing equation
3) y = x-x + e cos (t/e).
For e small it has a hyperbolic periodic orbit of period lire near the origin (Propositions 5.1 and 5.2 of [5] ). We are interested in the existence of homoclinic orbits and in the separation between the invariant manifolds in a given neighbourhood. For that we consider the map time lire of (6.3) in suitable variables so that Let (pi(t, T, z, e) be the solution of (6.5) such that <pi(r, T, Z, e) = z. Since (6.5) is 2 TTC-periodic we are interested only in re[0,2ne). Then we write r = 2irea with a e [0,1). We also consider the equation .7) is y e (t) = y e (et). To prove that it depends analytically on e we look for the initial condition z(e) of this orbit for t = r. It must satisfy that H"(z(e)) = z(e). For that we consider the function defined by ij) ( Since ^(f, T, 0, e) = (? 2 (f, T, 0, e) = 0 we can write 
. To apply Theorem A we should have F" in form (1.1). It is accomplished by a linear change of variables C" which put the linear part in diagonal form. It is easily seen that C" can be taken as and it is analytic with respect to e. Clearly
(C-y'ix,y) = ((x + y)/2, (x-y)/2)+O(e).
Then we have that
We notice that F" is the map time 2ire of equation (6.5) after having performed the same change C", that is, 
We focus the attention on <r+(t). Now hypothesis H4 follows from Corollary 4.1 of [5] . Clearly S o = it 12. Given any 77, 0 < 17 < S o , by the existence theorem for ordinary differential equations in the complex domain there exist a neighbourhood ft,, of £" = {cr+(t), |Im t\ < 8 0 -r}/2} (for instance £" +1) and e, > 0 such that forO< e < e,, G t and F" are well defined on ft,,. We emphasize that both for G e and F " the initial conditions are complex but the increment of time is kept real. Then, by Theorem A, there exist N > 0 and e 2 > 0 such that if 0 < e < e 2 the separation between the invariant manifolds of F" in a fixed neighbourhood is less than
The same is true for the invariant manifolds of F° and also for the ones of H". Finally the same is also true for the invariant manifolds of (6.4) since their intersection with the plane t = r coincide with the ones of H". The Melnikov function for (6.3) is
M(t 0 ) = V2(TT/e) sin {t 0 /e)/cosh (TT/2E).
We notice that the exponential part of M(t 0 ) is essentially the same as that of the upper bound we have found. From that we conjecture that the Melnikov function gives the right measure of the separation. as a generalization of the standard map, where V is an even, 27r-periodic, entire function which has a unique minimum in (-TT, TT] located at x = 0 with V"(0)>0. F e is a family of analytic area preserving diffeomorphisms. The only real hyperbolic points are (2kir, 0), keZ. We are interested in their invariant manifolds, which we consider as identified with the ones of (0,0) by the periodicity of F E . If we set a = V"(0), the eigenvalues of DF e (0,0) are
Putting the linear part of (6.9) in diagonal form we have It has a homoclinic orbit. Remark 2 after Theorem A shows that F c and so F e have homoclinic points (or the invariant manifolds coincide). In [3] it is proved that if F e has homoclinic points, there must be one on the line x = n. (We remark, however, that W^ is not forcibly obtained from W u by symmetry with respect to the y-axis).
The singularities of the homoclinic orbit of (6.10) are given by If V(x) = -cos x -(c/2) cos 2x we can do the calculations and we get that given 1} > 0 there exist e 0 , N> 0 such that in a given neighbourhood and for 0< e < e 0 the separation between the invariant manifolds of F E is less than Nexp(-7r(arccos(-4c-l)-2i7)/lnA) for -l / 2 < c < 0 and less than Nexp(-(7r 2 -2Tj)/lnA) for c>0.
These bounds agree with the analytical results of Lazutkin [11] .
(4) As a final example we consider the Henon-Heiles problem [8] . We take for granted that a suitable modification of the argument used in Example 2 allows us to use the extension of Theorem A to heteroclinic connections. This is a 2 degrees of freedom Hamiltonian system with It is known [8, 7, 1, 12] that it has hyperbolic periodic orbits near the origin for small values of the energy. Their invariant manifolds intersect so that (6.12) has heteroclinic orbits. We wish to study the maximum separation of the invariant manifolds near one of such orbits. To apply Theorem A we shall construct a family of dilfeomorphisms (the parameter being related to the energy) through Poincare maps on suitable sections.
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For that we consider small positive values of the energy h 0 and we take e = h l 0 /2 . Scaling variables through x t = eq t , y t = ep t , i = 1,2, we pass to the equivalent system given by on the energy level K(q,p) = 1.
For e = 0 the system reduces to an harmonic oscillator. We consider the Poincare return map on the section q 2 = 0, p 2 = 0-Let us call it F c . It is clear that F o = I.
Using the Gustavson Normal Form [7] up to sixth order, the fourth being not sufficient [12] , and using the same method of [1] (see also [2] ) we have that The boundary of the disk where F e is defined is also a periodic orbit of K that we call P,. These critical points of K 6 are related to nearby fixed points of F e and, hence, to periodic orbits of the Hamiltonian K. It is easily seen that P,, P 2 and P 3 are elliptic with eigenvalues P 4 , P 5 and P 6 are hyperbolic with eigenvalues exp(±147r3" 1/2 e 3 (l + O(e))) and, finally, P 7 and P 8 are elliptic with eigenvalues exp(±(147r/3)e 2 i(l + O(e)).
The invariant manifolds of the hyperbolic points originate pairwise heteroclinic points (see figure 3 ) and hence homoclinic points. We concentrate our attention on the connection between P 4 and P 6 . As this connection is very close to the p, axis we scale variables as follows: q x = ex and p x = y.
We denote by F e the family of diffeomorphisms in the new variables. It is readily seen that
Hence F e is close to the time The separation for the invariant manifolds of F e and also the separation of the invariant manifolds of the periodic orbits of (6.9) are of the same kind. In table 2 we reproduce part of the numerical results given in [12] for e ranging from 0.35 to 0.23. Here a means the angle at a heteroclinic point. The value of A given is obtained numerically because in that range the approximation In A - 
